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a small change in current produces a large change of the same sign in the 
wave-length. This property could be applied, for example, to give modula- 
tion of wave-length, such as is sought in wireless telephony, or to form the 
basis of a new method of amplification. In this case the electrical stimulus 
to be amplified would be introduced into the filament circuit by means of a 
transformer. The consequent change in wave-length would be the index 
showing the receipt of the stimulus. 
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In a recent paper* Dr. Alexander Eussell has called attention to the 
practical importance of the electrostatic problem of determining the dis- 
tribution of charge and of potential when parallel cylindrical conductors 
are electrified. Eussell points out that the same analysis will serve for the 
calculation of the current density and the magnetic flux when currents of 
high frequency pass along the parallel conductors. The solution he gives for 
the case of equal and opposite charges (or currents) in the two conductors 
is exact, but in the general case a more elaborate investigation is necessary. 

In the present paper the problem is solved by the method of conjugate 
functions. For the most part, the results are given in forms convenient 
for numerical calculation. The investigation is confined to the case in 
which the two cylinders are of the same size; for this case ordinary 
Jacobian elliptic functions suffice though in general the ta-f unctions are 
required and the algebra is rather heavy. It is hardly to be supposed that 
a problem of such a simple character in a favourite field of investigation has 
not been solved before. It is desirable, however, to have the solution in an 
accessible form. 

2. Notation. — The problem to be considered is virtually in two dimensions, 
the cylinders being represented by circular sections. 

Let a be the radius of either circle, 2c the distance between the centres, 
2/ the distance between the limiting points O and O'. 

Take the origin midway between the centres and the axis of X along the 

^ " Electrical Theorems in connection with Parallel Cylindrical Conductors," ^ Phys. 
Soc. Proc./ vol. 31, p. Ill (1919). 
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line joining them. The position of a point P may be defined by curvilinear 
co-ordinates -z^ and v such that the angle OPO' = % and fl'P/OP = ^^ which 
relations are equivalent to the equation 

x-^iy =^ if cot (u + t'y)/2, (1) 

. J, sinht; ,^. 

or to ^ = / — (2) 

cosn^—cosz^ ^ 

with y^f — r^i^Jf . (3) 

cosh 'y— cos -li 

The two conducting circles are given by 

where a satisfies the equations 

a =^ f cosech a (4) 

and c==/cotha. (5) 

3. Equal Cylinders with Equal Charges. — The potential function <^ and the 
conjugate function '^^ suggested for consideration are determined by the 
equation 

(^-j-i^lr = 4Q log {msn[(t^ + i'v)K/7r]}, (6) 

in which Q is the charge per unit length of either cylinder, K is the real 
quarter-period of the elliptic function, and m is an arbitrary constant. The 
form of the function on the right is such that (56 is a periodic function of u 
with period 2it. The condition that the potential ^ may be constant over 
the surfaces ^ = + a is 

K7K= 2a/7r, (7) 

where 2 ^K' is the imaginary period of the function sn. 
To prove this we have 



1 
sn \Z —J- LsS^ ) — — —————, 

ksnz 



and therefore 



/uK. , cW 
3 [uK , iK'\ 1 V TT 2 

so that, if (7) holds good, (6) gives when v = a 

^ = 2Qlog(mV^). (8) 

The function has no poles in the finite part of the plane outside the 
cylinders, and as it has the same constant value over the two cylinders it 
represents the potential when they carry equal charges. 
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It is of interest to notice that 6"^* = ^, where ^, defined as e-'^^'f^j is the 
quantity usually denoted by that letter in the theory of elliptic functions. 

4. Potential at a Great Distance {charges equal), — The potential at a great 
distance from the conductors is determined by the asymptotic equation 



^-^ 4Q 



log ^ —log r , 



(9) 



where r is the radius vector from the origin. 

If the zero of potential is on 'y = a, it follows from (8) that m = k^l^. 
On this convention the potential at a great distance is given by 



(^-4Q 



log ^ — log T L 

TT J 



(10) 



and is therefore asymptotic to that due to a total charge 2Q per unit length 
distributed over a cylinder of radius E, where 

R=2^^K//7r. (11) 

This equivalent radius is given in Table II. 

Table I. — Dimensions. 
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Table II. — Potential and Force. 
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5. Distribution of Lines of Force, etc. — To determine the distribution of the 
charge on either cylinder, a knowledge of the variation in y^ is necessary. 

Equation (6) may be written 

<3!)-f4^|r = 2Qlog[(m//^)2(ns2'Z^-ds2w7)(ns2^-cs2'?^;)] (12) 

where w = (u-\- rv) K/tt. 

On writing v = a = ttK^^K it is found that at points on the cylinder 

^ = 2 Q log m^/k 
as before, whilst 

^ = 2Q (2^4-l)7r-tan-M'sc?^)--tan"i(';^sd-^^)1 (IS) 

where n is an integer. 

In passing round the cylinder u increases continually, and so does the 
first inverse tangent, but the second one oscillates about zero. 

If we take n = 0, the formula gives 

when u = 0, '\lr = 2Q7r ; when i^ = tt, -^/r == ; when u = 27r, yjr = — 2Q7r. 

6. Density of the Charge. — To find a, the density of the charge, Equation 12 
may be differentiated. 

Since a = — -. — -t— . -t^, where s is the arc on the circumference of the 

47r on OS 

cylinder and dn is the element of the normal, it follows that 

cr = -~ -^ dn \-/c en (cosh a— cos u). (14) 

IT f \ IT IT i 

The mean surface density a is given by 

a=^(il{2iTa). (15) 

It follows that Co, the density at the points of either cylinder furthest from 
the other, and ci, the density at the points which are nearest, are related to 
a by the equations 

(To = (l+>^) tanh 7: . o" (16) 

IT 2 

and cTi = {1—k) coth ~ . ^, (17) 

respectively. 

The ratio of these densities is given by 

o-o/o-i = 4 tanh | tan /|+-H (18) 

where sin 6 = h. 

The ratios aoja and aija are tabulated in Table III. They are graphed as 
functions of cja in fig. 1. 
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Table III. — Concentration of Charge. 
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Fig. 1.— Surface densities at points on a common diameter of cylinders carrying eqnal 

charges. (Mean density over a cylinder unity.) 
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Fig. 2.— Surface densities at points on a common diameter of two cylinders, one charged, 
the other uncharged. (Mean density on charged cylinder unity.) 

7. Potential on the Axes. — The way in which the potential </> varies along 
the axes is of interest : — 

{a) For -2^ = 0, i.e., for the continuation of a common diameter of the 
cylinders, the equation (6) gives 

'^ = 2Q7r; ^ = 4Qlog {m . sc' ('^K/Tr)}, (19) 

where the dash is to indicate that the complementary modulus K' is used. 

{h) On the part of the common diameter intercepted between the cylinders 
21 = TT, and therefore ^ 

-^ = ; = 4Q log {m nd' (^K/tt) }. (20) 

(c) On the axis oiY^v = 0, and therefore 

-ifr = ; ^ = 4Q log {m sn {uKjir)). (21) 

8. Potential on the Orthogonal Circle,— Ab an additional guide for drawing 
the equipotentials and lines of force, their intersections with the circle, 
which cuts the conductors orthogonally and symmetrically, are required. 
The circle is specified hj u = 7r/2. 

Over this circle <}> and yfr are given by 

^ = 2Q log {mV(dn' 2^K/7r + *' en' 2^K/7r)}, (22) 

a,nd f = 2Q [2?i7r-sin~i (k' sn' 2^K/7r)], 

which may be derived from (12). 
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9. Repulsion detween Cylinders Carrying Equal Charges,- — The repulsion per 

unit len^cth is F where 

dy 



F = 



= 27r f 0-2 J ds (23) 



the integral being taken round the circumference. 
On substitution it is found that 



j^ --. — ^~-\ dn — f-ft^cn (cosh a cos '2^—1 )ati. (24) 

7r7 Jo\ TT TT / ^ 



On integration this equation reduces to 

F = AQV/ 



where A = 2 



-"-(^Td-^) 



(25) 



E being the second elliptic integral 



'K 

dri^z dz, 





The formula (25) has been used in computing the repulsion in Table II. 
The results are shown graphically in fig. 3. 

It will be seen that lor cylinders whose distance is large compared with 
their radii, 

On the other hand when the cylinders are very close 

r->2QV3a, 

so that the repulsion between equal cylinders in contact carrying equal 
charges is the same as that between line charges at a distance equal to 
three radii, a result which can be verified by independent analysis of this 
important special case.* 

10. Equal Cylinders ; Any Charges,-— l^j combining the foregoing solution 
for equal positive charges with the well-known one for equal and opposite 
charges, viz., <^-f t-v/r = — 2fcQ(7^+t'y), the distribution of potential in the 
general case can be found. 

If the charges are Qi on -y = a and Q2 on 'y = — a, and if the zero of 
potential is at the origin, then 

^ + t^ = 2(Qi + Q2)logsn{(2^ + t'y)K/7r}-6(Qi-Q2)(v. + fc'y). (26) 
The potentials of the two cylinders are given by 

>i = (Qi + Q2)log(lA) + (Qi-Q2)a 

</>2 = (Ql + Q2)l0g(l/^)~(Ql-Q2)« 

* The solution depends on the equation 

<^ + t\//» = 4Q log tan \- — ^ . J). 



472 



Mr. F. J. W. Whipple. Equal Parallel 



whilst the potential at a great distance r is given by 

<^~2(Qi + Q2)log(^.'^). 



(28) 



The surface-density* of the charge on the cylinder i; = a can be computed 
from the formula 



a = 



2K,p. , ^ V / 1^ 2'W'K , ^^ 2^K\ , .p. p. V "Icosha — cos-i^ ^^^.x 
• (Qi + Q2) ( dn — + en -ZT" ). + (Qi — Q2) 7 , (29) 



and the repulsion between the cylinders is determined by 



/ 



F = A(Qi + Q2)^ . (Qi-Q2y 
4/ 4/ 



(30) 



where A is defined by (25). 

The force is negative, i.e,, there is an attraction when Qi — Q2 is large 
compared with Qi + Q2. The condition for the force to vanish is 



Q1-Q2 Y ^ ^ 

.Qi + Q2/ 



(31) 



When one of the cylinders is uncharged, so that Q2 = 0, there is an 
attraction 

_F==^ri~Al. (32) 



^[1-A]. 




4 5 

Distance l)etweeii axes (Diameter of eifclier cylinder = 1) 

Fig. 3. — The force between two cylinders. 



* For the case Q2 = the surface densities at the points where 1* = and u ~ n are 
tabulated in Table III and shown graphically in fig. 2. 
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11. Potential and Capacity Coefficients. — In the ordinary treatment of 
potential in three-dimensional problems, it is taken as zero at a great 
•distance from the conductors under consideration. When dealing with 
cylinders which are regarded for the purpose of analysis as infinite, the 
difference of potential between them and an object at a great distance 
increases as the logarithm of the distance and this distance must appear 
explicitly in the formulae. 

In the present problem we are virtually compelled to complete our 
system of two cylinders with charges Qi and Q2, by supposing them to be 
surrounded by a very large cylinder, which may be supposed to have a 
radius r, and to be symmetrically placed with regard to them, and to have 
zero potential. It carries on its inner surface the charge — (Qi + Q2). 

The potential of the first cylinder is now given by 



h = 2(Qi + Q2)log(i ^J)+(Qi-Q,)a, (33) 



60 that if 



^1 =i>iiQi4-pi2Q2 

<f>2 = P12Q1 -^ P22Q2 



(34) 



we have 



(35) 



Pit =P22 = 21og(r/a)— (7— a) 
^nd pi2 = 21og(r/a)— (7 + a) 

^ being written for 2 log ( B — *^ ) , (36) 



TT a, 



or in the notation of § 4 for 2 log E/a. 

Numerical values of the coefficients 7, 7 + a, 7— -a, are set out in Table II 
a-nd shown graphically in fig. 4. 

The charges can be written down in terms of the potentials in the form 

Qi = Kii<^i + Ki2^2 1 

Q2 = Ki2<^l4-Ki2^2 



where the capacity coefficients are given by the relations 

Ku = K.2 = 21ogr/a~(7~a) ^ 

4a{2 logr/a— 7} 



K,2 = 



2logr/a-—(y-+-ot) 



^ • (37) 



-12 



4a{21og'r/a— 7} 
It will be noticed that as r — ^00 the capacity coefficients remain finite ; 

Kll = K22 ^ — K12 ^l/4:Ci. 
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Fig. 4. — Potential coefficients. 



These relations are not of direct service however : they merely indicate that, 
as long as (<j!>i + ^2)/(<^i— ^2) is small compared with logr/a, the total charge 
on the two cylinders is negligible and that 



Q] 



Q2 = (^1 — <j62)/4a approximately. 



It is of interest to compare the potential coefficient pn with that of a' single 
isolated cylinder of radius a, which is 2 log r/a. The difference 2 log r/a—pn 
is equal to 7— a and, therefore, independent of r. This indicates that bringing 
another conducting cylinder to the neighbourhood of a charged cylinder 
changes the potential of the latter by a finite amount. Calculation shows 
that as long as the distance is considerable the effect is small. When the gap 
between the cylinders is equal to the diameter of either, the difference is only 
11 per cent, of its value when the gap is infinitesimal. 

12. The electrostatic energy of the system per unit length is V where 

V = ■i(|?nQl^H-2i?12QlQ2+P22Q2^) 

= |[{21ogr/a-~7} (Qi + Q2)H«(Qi~Q2)^]. (38) 



